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ABSTRACT
We use the parameterized post-Newtonian (PPN) formalism to explore the weak field approxi-
mation of teleparallel gravity non-minimally coupling to a scalar field φ, with arbitrary coupling
function ω(φ) and potential V (φ). We find that all the PPN parameters are identical to general
relativity (GR), which makes this class of theories compatible with the Solar System experiments.
This feature also makes the theories quite different from the scalar-tensor theories, which might be
subject to stringent constraints on the parameter space, or need some screening mechanisms to pass
the Solar System experimental constraints.
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2I. INTRODUCTION
Since the late-time acceleration of our universe has been confirmed by various observations [1–9], in the
literature there are much efforts to explain this surprising phenomenon. Although it is straightforward
to introduce a cosmological constant [10–16] to account for the acceleration, it also gives rise to the so-
called fine-tuning [10] and cosmic coincidence [17] problems. Other kinds of dark energy (DE) [18–20], e.g.
quintessence [21–23], phantom [24, 25], k-essence [26–29], and tachyon [30–34], work as well, but one also
needs to figure out why it is homogeneous [35] and why it has recently achieved dominance [13–15, 18]. On
the other hand, because the energy scale of the field potential is very low, it is difficult to construct viable
scalar field models in the framework of particle physics. Instead of assuming the existence of a mysterious
DE with exotic properties, an alternative approach is to modify Einstein’s general relativity (GR) on the
cosmological scales while GR can be restored on small scales. In the literature, such approaches are
usually called modified gravity theories [36, 37]. In particular, the scalar-tensor theories [38–42] which
introduce an extra degree of freedom, namely a scalar field φ, coupling to the gravitational sector (the
Ricci scalar R), might be one of the most natural alternatives to GR, since such a scalar field generically
could arise in the attempts to quantize gravity (e.g. string theory). Scalar-tensor theories can not only
describe the deviation from GR to have the desired cosmological dynamics on large scales [43–45], but
they also respect most of the GR’s symmetries, e.g. the local Lorentz invariance.
On the other hand, torsion tensor can naturally arise when one studies the gauge theories which try to
quantize gravitational field and unify it with other fundamental interactions. In fact, spin and torsion can
be formulated naturally and elegantly in such gauge formulations of gravity [46, 47]. By introducing the
curvatureless Weitzenbo¨ck connection [48] instead of the torsionless Levi-Civita connection used in GR,
the so-called Teleparallel Equivalent of General Relativity (TEGR), or also known as teleparallel gravity,
can be formulated, which naturally arises within the framework of the gauge theory of the spacetime
translation group. Teleparallel gravity uses the vierbein field as the basic dynamical quantity instead of
metric in GR, and attributes gravitation to the torsion tensor. After it was originally proposed by Einstein
in 1920s [49–52], teleparallel gravity has been extensively studied in the literature (see e.g. [53–57]). As
is well known, the Friedmann-Robertson-Walker (FRW) universe in the framework of teleparallel gravity
is completely equivalent to a matter-dominated universe in the framework of GR, and hence cannot
be accelerated. In the literature, there are two ways out. In analogy to the well-known f(R) theory,
the first approach is to generalize teleparallel gravity to the so-called f(T ) theory [58, 59]. The second
approach is to directly add DE into teleparallel gravity. Of course, the simplest candidate of DE is
quintessence characterized by a canonical scalar field. Inspired by the well-known scalar-tensor theories,
it is reasonable to introduce a non-minimal coupling between the scalar field and the torsion scalar T .
The so-called teleparallel dark energy [60–67], in which the canonical scalar field (quintessence) is coupled
with the gravitation, has been shown that it can drive the cosmic acceleration even when the potential of
the scalar field vanishes [65, 66]. Note that in e.g. [60–67] the coupling is chosen to be a particular form.
Later, the teleparallel dark energy model has been generalized in various directions. For instance, the
so-called tachyonic teleparallel dark energy model, in which a non-canonical scalar field (tachyon field) is
coupled with gravitation, has been shown that the effective equation-of-state parameter (EoS) of DE can
cross the phantom divide, and the cosmological coincidence problem could be alleviated [68–71]. Noether
symmetry has been studied [72, 99] in the teleparallel dark energy model, in which the coupling constant
is extended to be a general coupling function. It is claimed that the effective EoS can cross the phantom
divide if the coupling function and the potential of the scalar field are of power-law forms.
No matter how successful an alternative theory to GR is on the cosmological scales, it should also have
the appropriate Newtonian and post-Newtonian approximations in order to pass the local tests in Solar
System. As is well known, a natural framework to test the weak field limit of a gravity theory is given
by the parameterized post-Newtonian (PPN) formalism (see e.g. [73]). In fact, modified gravity theories
are usually subject to much severer constraints from the Solar System experiments than the ones from
cosmological observations. For instance, the parameter of the prototypical Brans-Dicke theory ωBD [74]
was constrained to ωBD > 181.65 at 2σ confidence level by using Planck data of the cosmic microwave
background (CMB) combined with the baryon acoustic oscillation (BAO) data in [75], and ωBD > 40000
at 2σ confidence level by using the tracking data obtained from the Cassini mission [76]. On the other
hand, some types of modified gravity theories are even claimed to be incompatible with the local tests in
Solar System [77–79], and hence cannot be viable candidates to explain the cosmic acceleration. In the
3more general scalar-tensor theories and f(R) theories, the well-known Chameleon mechanism is invoked
to screen the fifth force [80–83], and hence they have no significant deviation from GR on small scale,
while they can still drive the acceleration of the universe on cosmological scale. Similarly, the Vainshtein
mechanism [84–86] and the Symmetron mechanism [87, 88] are also extensively invoked in other types of
modified gravity theories to pass the local tests in Solar System.
Motivated by the above discussions, it is necessary and worth to explore the weak field behaviors
of modified gravities. Recently, the PPN parameters for the teleparallel dark energy model have been
explicitly calculated in [67], and it is claimed that the potential of the scalar field has no effect on PPN
parameters and hence this model can be compatible with the local tests in Solar System. Note that in [67]
the coupling is chosen to be a particular form. In the present work, we try to generalize the work of [67]
and explore the weak field approximation of teleparallel gravity non-minimally coupling to a scalar field
φ with arbitrary coupling function ω(φ) and potential V (φ), by explicitly calculating the corresponding
PPN parameters. This paper is organized as follows. We give a brief review of teleparallel gravity in
Sec. II. Next, we present the action functional for the teleparallel gravity coupled with a scalar field
and derive the corresponding field equations in Sec. III. We then expand the field equations to sufficient
orders and solve the perturbations to obtain the post-Newtonian approximation in Sec. IV. Finally, some
concluding remarks are given in Sec. V.
II. TELEPARALLEL GRAVITY
Here we give a brief review of teleparallel gravity. Teleparallel gravity uses a vierbein field ea = e
µ
a ∂µ
as dynamical quantity, with Latin indices a, b, · · · = 0, · · · , 3, and i, j, · · · = 1, · · · , 3, Greek indices
µ, ν, · · · = 0, · · · , 3, and ∂µ coordinate bases. We also note that the Einstein summation notation for the
indices is used throughout this work. The vierbein is an orthonormal basis for the tangent space at each
point xµ of the manifold, namely ea · eb = ηab, with ηab = diag (−1, 1, 1, 1). Then the metric tensor can
be expressed in the dual vierbein eaµ as
gµν(x) = ηab e
a
µ(x) e
b
ν(x). (2.1)
Rather than using the torsionless Levi-Civita connection in GR, teleparallel gravity uses the Weitzenbo¨ck
connection Γλµν [48], which is defined by
Γλµν = e
λ
a ∂µe
a
ν . (2.2)
Note that the lower indices µ and ν are not symmetric in general, thus the torsion tensor (will be defined
below) is non-vanishing in the teleparallel spacetime. The Weitzenbo¨ck torsion tensor is defined by
T λµν = Γ
λ
νµ − Γλµν = e λa
(
∂νe
a
µ − ∂µeaν
)
. (2.3)
In teleparallel gravity, the gravitational action is given by the torsion scalar instead of the Ricci scalar in
GR. The torsion scalar is basically the square of the Weitzenbo¨ck torsion tensor, and reads
T = SρµνT
µν
ρ =
1
4
T ρµν T
µν
ρ +
1
2
T ρµν T
νµ
ρ − T ρµρ T νµν , (2.4)
with the super-potential tensor Sρµν defined by
Sρµν =
1
4
(
T ρµν − T ρµν + T ρνµ
)
+
1
2
δρµT
σ
νσ −
1
2
δρνT
σ
µσ . (2.5)
The gravitational field is driven by the torsion scalar T , and the action reads
S =
1
2κ2
∫
eTd4x+ Sm [e
µ
a , χm] , (2.6)
where e = det (eaµ) =
√−g and κ2 = 8πGN , with g the determinant of the metric gµν and GN the
Newtonian constant. Note that we have used the units in which the speed of light c = 1, and the reduced
Planck constant ~ = 1. Sm [e
µ
a , χm] is the matter part of the action, and χm denotes all matter fields
collectively.
4III. TELEPARALLEL GRAVITY WITH A SCALAR
We will study the theories of teleparallel gravity coupled with a scalar in which gravity is described
by a dynamical scalar φ in addition to the vierbein e µa . Without loss of generality, we consider the
Brans-Dicke-like theories, whose actions are given by
S =
1
2κ2
∫
dx4e
[
φT − ω(φ)
φ
(∂φ)2 − 2κ2V (φ)
]
+ Sm [e
µ
a , χm] . (3.1)
where the coupling function ω(φ) and the potential V (φ) are two arbitrary functions of φ. At first glance,
one might consider that this action is not so general. In fact, we can make it more familiar. Introducing
a new scalar φ˜ according to (∂φ˜)2 = −ω(φ)(∂φ)2/(κ2φ), Eq. (3.1) can be recast as
S˜ =
∫
dx4e
[
ω˜(φ˜)
T
2κ2
+
1
2
(∂φ˜)2 − V˜ (φ˜)
]
+ Sm [e
µ
a , χm] . (3.2)
Obviously, if ω˜(φ˜) = 1 + ξκ2φ˜2, Eq. (3.2) reduces to the action considered in [67], namely
S˜ =
∫
dx4e
{
T
2κ2
+
1
2
[
(∂φ˜)2 + ξ T φ˜2
]
− V˜ (φ˜)
}
+ Sm [e
µ
a , χm] . (3.3)
So, the action (3.1) is general enough in fact (see Sec. V for further discussion). Actually, the action (3.2)
has been considered in e.g. [72, 89, 97] as a generalization of the action (3.3). We stress that the action
(3.2) has richer structure and more physical implication than the action (3.3), thus justifying the worth
of our work. For instance, it is claimed in [89] that the action (3.2) might admit the scaling attractors to
alleviate the cosmological coincidence problem, while no scaling attractor has been found by performing
dynamical analysis of the action (3.3) (see e.g. [62, 63]). On the other hand, using Lagrange multiplier,
f(T ) gravity can be recast in a form like the action (3.1) with ω(φ) = 0 (see e.g. [98]). Despite the action
(3.1) is more general than the action (3.3) because it can also encompass f(T ) theory when ω(φ) = 0,
we will not consider the case of ω(φ) = 0 in this work, since then φ will not be a dynamical quantity.
The variation of the action (3.1) with respect to the scalar field φ yields
T −
(
ω′
φ
+
ω
φ2
)
(∂φ)2 +
2
φ
∂µω∂
µφ+ 2
ω
φ
φ− 2κ2V ′ = 0, (3.4)
where a prime denotes a derivative with respect to φ, and  = gµν∇µ∇ν is the d’Alembert operator,
with ∇µ the covariant derivative associated with the Levi-Civita connection. The variation of the action
(3.1) with respect to the dual vierbein eaν yields
φ e−1∂σ(eS
σν
a ) + S
σν
a ∂σφ+ φ
(
T σαa S
να
σ +
T
4
e νa
)
− 1
4
e νa
[
ω
φ
(∂φ)2 + 2κ2V
]
=
κ2
2
T νa , (3.5)
where T νa ≡ −e−1 δSm/δeaν is the energy-momentum of matter. Let us bring Eq. (3.5) to a more
suitable form for our purpose. Multiplying each side of Eq. (3.5) by the dual vierbein eaµ, we get
φ e−1eaµ∂σ (eS
σν
a ) + S
σν
µ ∂σφ+ φ
(
T σαµ S
να
σ +
T
4
δνµ
)
− 1
4
δνµ
[
ω
φ
(∂φ)2 + 2κ2V
]
=
κ2
2
T νµ , (3.6)
where we have used the vierbein (or dual vierbein) to switch from Latin to Greek indices and back, for
example T νµ = eaµT νa . Taking the trace of Eq. (3.6) leads to
φ e−1eaρ∂σ (eS
σρ
a ) + S
σρ
ρ ∂σφ−
[
ω
φ
(∂φ)2 + 2κ2V
]
=
κ2
2
T , (3.7)
with T = T µµ . Multiplying Eq. (3.7) by
(−δνµ/2), then adding Eq. (3.6), we get
φ e−1eaµ∂σ (eS
σν
a )−
1
2
δνµφ e
−1eaρ∂σ (eS
σρ
a ) + S
σν
µ ∂σφ−
1
2
δνµS
σρ
ρ ∂σφ
+φ
(
T σαµ S
να
σ +
T
4
δνµ
)
+
1
4
δνµ
[
ω
φ
(∂φ)2 + 2κ2V
]
=
κ2
2
(
T νµ −
1
2
δνµT
)
.
(3.8)
5The gravitational fields are truly governed by the field equations (3.4) and (3.8). We will expand these
two equations in the post-Newtonian approximation in the following section.
IV. POST-NEWTONIAN APPROXIMATION
The post-Newtonian approximation of GR on the behavior of hydrodynamic systems has been sys-
tematically investigated in e.g. [90]. In analogy to [90], we assume that the gravitating source matter
is contributed by a perfect fluid which obeys the post-Newtonian hydrodynamics. We will use the PPN
formalism to expand the field equations (3.4) and (3.8) perturbatively by assigning appropriate orders
of magnitude to all dynamical variables appearing in the field equations. The resulting perturbation
equations can then be subsequently solved order by order.
A. General framework
Conventionally, the velocity of the source matter |~v| characterize the smallness of the system. So, we
will perturbatively expand all dynamical quantities in orders of O(n) ∼ |~v|n. We will firstly find out the
perturbations for the vierbein following [67], and then expand the energy-momentum tensor to sufficient
orders. Finally, the perturbations of all functions of φ are obtained by using Taylor expansion.
For the gravitational sector, we expand the dual vierbein fields around the flat background as
eaµ = δ
a
µ +B
a
µ = δ
a
µ + B
(1) a
µ + B
(2) a
µ + B
(3) a
µ + B
(4) a
µ +O(5), (4.1)
where each term B
(n) a
µ is of order O(n). By using Eq. (2.1), this decomposition gives the usual metric
as an expansion around the flat Minkowski background,
gµν = ηµν + hµν = ηµν + h
(1)
µν + h
(2)
µν + h
(3)
µν + h
(4)
µν +O(5), (4.2)
where ηµν is the Minkowski metric and each symmetric term h
(n)
µν is of order O(n). For our purpose, it
is sufficient to expand the metric up to the order of O(4). A detailed analysis (see e.g. [73]) shows that
h
(1)
µν = 0, which corresponds to B
(1) a
µ = 0 (nb. Eq. (2.1)), and the only non-vanishing components of
the metric perturbations are
h
(2)
00, h
(2)
ij , h
(3)
0i, h
(4)
00. (4.3)
Following [67], we denote Bνµ = δ
ν
a B
a
µ , or equivalently B
a
µ = δ
a
νB
ν
µ , with δ
a
µ defined by ηµν =
ηabδ
a
µδ
b
ν . We now can raise and lower the spacetime indices of the perturbations of vierbein (or dual
vierbein) by the Minkowski metric ηµν ,
Bµν = ηµρB
ρ
ν . (4.4)
As a result, Bµν is symmetric, and the non-vanishing components are
B
(2)
00 , B
(2)
ij , B
(3)
0i , B
(4)
00 . (4.5)
In addition, (2)Bij is diagonal [67]. For convenience, we introduce a time-independent function A, such
that (2)Bij = Aδij . We also give the relations between the metric perturbations and the vierbein pertur-
bations [67],
h
(2)
00 = 2 B
(2)
00 , (4.6a)
h
(2)
ij = 2 B
(2)
ij , (4.6b)
h
(3)
0i = 2 B
(3)
0i , (4.6c)
h
(4)
00 = 2 B
(4)
00 − B(2) 00 B(2) 00 . (4.6d)
6From the definitions, we see that T ρµν and S
ρ
µν are at least O(2) quantities, and the torsion scalar T is
an at least O(4) quantity.
The energy-momentum tensor of a perfect fluid takes the form
T µν = (ρ+ ρΠ+ p)uµuν + pgµν , (4.7)
where ρ, Π, p and uµ are the energy density, the specific internal energy, the pressure, and the four-
velocity of the fluid, respectively. Note that the velocity of the source matter is given by vi = ui/u0. We
assign the velocity orders ρ ∼ Π ∼ O(2), and p ∼ O(4) by considering their orders of magnitude in the
Solar System [73]. Then we get the perturbations of energy-momentum tenor in Eq. (4.7) as
T 00 = −ρ
(
1 + v2 +Π
)
+O(6), (4.8a)
T i0 = −ρvi +O(5), (4.8b)
T ji = ρvivj + pδji +O(6). (4.8c)
We also note that T = gµνT µν = −ρ− ρΠ+ 3p. In addition, we assume the gravitational field is quasi-
static, so the time derivative ∂0 = ∂/∂t of the vierbein or other fields are weighted with an additional
velocity order O(1).
For the scalar field φ, we expand it around its cosmological background value φ0,
φ = φ0 + ψ = φ0 + ψ
(2) + ψ(4) +O(6), (4.9)
where we assume φ0 to be of order O(0) and the perturbations ψ(n) are of order O(n) as usual. We
also need to expand the functions ω(φ) and V (φ) around φ0. To this end, we expand them using Taylor
expansion to sufficient orders,
ω = ω0 + ω1ψ +O
(
ψ2
)
, (4.10a)
V = V0 + V1ψ + V2ψ
2 + V3ψ
3 +O (ψ4) , (4.10b)
with ω0 = ω(φ0), ω1 = ω
′(φ0), V0 = V (φ0), V1 = V
′(φ0), V2 =
1
2V
′′(φ0), and V3 =
1
6V
′′′(φ0). We assume
all these expansion coefficients to be of order O(0). We also give the expansion of ω′ and V ′ for further
convenience,
ω′ = ω1 +O(ψ), (4.10c)
V ′ = V1 + 2V2ψ + 3V3ψ
2 +O (ψ3) . (4.10d)
B. Solving the perturbed equations
Here we will solve the perturbed equations order by order. We refer to Appendix A for a detailed
computation of the corresponding quantities up to the appropriate orders. In the followings, we just give
the results directly.
Expanding Eqs. (3.8) and (3.4) to O(0) simply gives the solutions V0 = V1 = 0. We then expand
Eq. (3.4) to O(2) to get (∇2 −m2ψ)ψ(2) = 0, (4.11)
for the scalar field perturbation ψ(2), where ∇2 = δij∂i∂j and mψ = 2κ
√
V2φ0
2ω0
. Eq. (4.11) is a screened
Poisson equation. Since we demand that φ to take its cosmological value at large scale, which is equiv-
alent to saying that the perturbation should vanish at cosmological distance due to the absence of the
gravitational field and the matter source, i.e., ψ(2) → 0 as r → ∞ (r is the distance from the Sun), we
get the solution of Eq. (4.11) as
ψ(2) = 0. (4.12)
7In order to get the corresponding vierbein perturbations, we use the ansatz
h
(2)
ij = γ(r) h
(2)
00δij = 2γ(r)Aδij , (4.13)
where γ(r) is a PPN parameter measuring the amount of space curvature produced by unit rest mass [73].
We also adopt the gauge conditions for the vierbein perturbation Bµν as [91]
∂j B
(2) j
i −
1
2
∂i B
(2) µ
µ =
1
2φ0
∂iψ
(2) = 0, (4.14a)
∂j B
(3) j
0 −
1
2
∂0 B
(2) j
j =
1
2φ0
∂0ψ
(2) = 0, (4.14b)
in which we have used Eq. (4.12) actually. These gauge conditions can directly lead to the standard
gauge formulas [92, 93]
∂j h
(2) j
i −
1
2
∂i h
(2) µ
µ =
1
φ0
∂iψ
(2) = 0, (4.15a)
∂j h
(3) j
0 −
1
2
∂0 h
(2) j
j =
1
φ0
∂0ψ
(2) = 0. (4.15b)
We should verify the consistency of these gauge conditions after obtaining the solutions. Actually, as
we will see later, our results are identical to GR, so these conditions are just the Newtonian continuity
equations [92], and are satisfied automatically.
Expanding (0, 0) component of Eq. (3.8) to O(2), we get
φ0
[
∂kS
k0
0 −
1
2
∂kS
kρ
ρ
]
= −1
4
κ2ρ =
1
2
∇2U, (4.16)
in which the gravitational potential U is defined by
∇2U = −1
2
κ2ρ. (4.17)
The solution to this equation is
A =
U
φ0
. (4.18)
Expanding (i, j) component of Eq. (3.8) to O(2), we get
φ0
[
∂kS
kj
i −
1
2
δji ∂kS
kρ
ρ
]
=
1
4
δji κ
2ρ. (4.19)
Taking the trace of Eq. (4.19) yields
φ0
[
∂kS
ki
i −
3
2
∂kS
kρ
ρ
]
= −3
2
∇2U. (4.20)
The solution to Eq. (4.20) is given by
γ(r) = 1. (4.21)
Expanding Eq. (3.4) to O(4) yields
T + 2
ω0
φ0
∇2ψ(4) − 4κ2V2ψ(4) = 0. (4.22)
Noting that T = 2∂iA∂
iA (see Eq. (A28)), the above equation can be simplified to
(∇2 −m2ψ)ψ(4) = 1φ0ω0∇2
(
Φ2 − U
2
2
)
, (4.23)
8where we have used the identity
∂iU∂
iU =
1
2
∇2U2 − U∇2U, (4.24)
and Φ2 is defined by
∇2Φ2 = −κ
2
2
ρU. (4.25)
Eq. (4.23) is a screened Poisson equation and can be solved by
ψ(4) =
1
φ0ω0
(
Φ2 − U
2
2
)
e−mψr. (4.26)
Expanding (0, i) component of Eq. (3.8) to O(3), we obtain
φ0e
−1ea0∂σ
(
eS σia
)
=
κ2
2
(−ρvi) . (4.27)
The solution to this equation is
B
(3)
0i = −
1
φ0
(
7
4
Vi + 1
4
Wi
)
, (4.28)
with Vi and Wi defined as in [90],
∇2Vi = −κ
2
2
ρvi, (4.29)
and
Wi = GN
∫
d3y
ρ(y, t)vk(y, t)(x − y)k(x− y)i
|x− y|3 . (4.30)
Note that we have used the fact 2∂0∂i(φ0A) = −∇2(Vi −Wi) [90] to derive Eq. (4.28).
Expanding (0, 0) component of Eq. (3.8) to O(4), we obtain
φ0e
−1ea0∂σ
(
eS σ0a
)− 1
2
φ0e
−1eaρ∂σ (eS
σρ
a ) + φ0
(
T σα0S
0α
σ +
T
4
)
=
κ2
2
(
T 00 −
1
2
T
)
. (4.31)
The solution to this equation is
B00 =
1
φ0
(U + 2Φ1 +Φ3 + 3Φ4) +
2
φ20
Φ2 − 1
2φ20
U2, (4.32)
where Φ1, Φ3, and Φ4 are defined as in [73],
∇2Φ1 = −κ
2
2
ρv2, (4.33a)
∇2Φ3 = −κ
2
2
ρΠ, (4.33b)
∇2Φ4 = −κ
2
2
p. (4.33c)
In summary, we get the corresponding metric perturbations as
h00 =
2
φ0
(U + 2Φ1 +Φ3 + 3Φ4) +
4
φ20
Φ2 − 2
φ20
U2, (4.34a)
h0j = − 2
φ0
(
7
4
Vi + 1
4
Wi
)
, (4.34b)
hij = 2
U
φ0
δij . (4.34c)
9From above equations, it is easy to see that the effective Newtonian constant Geff = GN/φ0, and the
PPN parameter β(r) is given by
β(r) = 1. (4.35)
We note that the PPN parameter β(r) measures the amount of “non-linearity” in the superposition law
for gravity [73]. Notice that Eqs. (4.21) and (4.35) are the main results of this work.
V. CONCLUSIONS AND DISCUSSIONS
We have studied the post-Newtonian approximation of teleparallel gravity coupling to a scalar field φ
with arbitrary coupling function ω(φ) and arbitrary potential V (φ). We have chosen frames in which
the Sun is at rest in both the coordinate frame and the tetrad frame, such that the vierbein (dual
vierbein) can be perturbatively expanded around the flat spacetime, which leads to the usual expanding
of the metric around the Minkowski spacetime. The functions ω(φ) and V (φ) are characterized by the
coefficients of Taylor expansion. Interestingly, the only non-vanishing PPN parameters β and γ are all
equal to 1, indicating that these models are indistinguishable from GR in the Solar System distance up
to the post-Newtonian order. In addition, we can rescale the cosmological background value φ0 of the
scalar to φ0 = 1, and then Geff = GN . Since the rescaling can be done globally, we conclude that the
effective Newtonian constant has no contribution to the Solar System experiments neither.
This feature makes the theories we studied quite different from the scalar-tensor theories (nb. [100]),
which might be subject to stringent constraints on the parameter space, or need some screening mecha-
nisms to pass the Solar System experimental constraints. We might conclude that the coupling between
the scalar field and the torsion scalar in teleparallel gravity is less strong as that between the scalar and
the Ricci scalar in GR. This can be seen from the relationship between the torsion scalar constructed
from the Weitzenbo¨ck connection and the Ricci scalar constructed from the Levi-Civita connection [94],
T = −R− 2∇µT νµν . (5.1)
Although the second term on the right hand side of Eq. (5.1) is a boundary term in the TEGR case, it
will be nontrivial when a scalar field φ is coupled to the torsion
φT = −φR− 2φ∇µT νµν , (5.2)
which makes the theories quite different from the scalar-tensor theories. In addition, T is at least O(4),
while R is at least O(2) when perturbated around the flat spacetime. This fact makes the gravitational
sector have no effect on the ψ(2) when Eq. (3.4) is expanded up to O(2), thus leading to the PPN
parameter γ(r) equals to 1. This result is agree with the previous work in [67]. The authors in [67]
have argued that, since the source matter is not involved in the solution of O(2) perturbation of the
scalar field (see Eq. (3.7) in our case), the Newtonian potential cannot be modified to a Yukawa type
U(r) = Ue−mr as in scalar-tensor theories. Although the non-minimally coupling between the scalar
and the torsion shows no deviation from GR in the post-Newtonian approximation, the distinction may
appear in the post-post-Newtonian [101] limit when such experiments are available. In fact, the scalar
perturbation ψ(4) is non-vanishing (see Eq. (4.26)), and it definitely will affect the post-post-Newtonian
behavior through Eq. (3.8). This indirect coupling between the scalar field and the gravitational sector
is the meaning of less strong coupling we proposed.
Similar to f(T ) theory [102], the action (3.1) is not invariant under local Lorentz transformation.
One might, therefore, expect some preferred-frame effects to show up in post-Newtonian limit (we thank
the referee for pointing out this issue). Although our results reveal no coordinate frame is preferred in
obtaining PPN parameters, there is indeed a preferred tetrad frame in our calculation. It is interesting to
note that similar results have been achieved in some scalar-tetrad theories of gravity (see e.g. [103, 104]
and the references therein). It is claimed in [103, 104] that the preferred-tetrad-frame effect cannot be
detected if one only measures the metric components. Attempts to measure the tetrad in a direct way,
e.g., the interaction of tetrad with a spin-1/2 field, would generally introduce some Lorentz gauge fields to
restore the local Lorentz symmetry [47], and thus creating a Poincare´ gauge theory. We refer to [103, 104]
for a more detailed discussion of this issue.
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We stress here that not all kinds of non-minimally coupling between the torsion and the scalar would
have no affect on the weak field behavior of the theory (we are indebted to an anonymous colleague for
pointing out this issue). For example, if we add a term of the form Tααβ ∂
βφ as considered in e.g. [95, 96]
to the action (3.1), an extra term like
− ∂kTααβ (5.3)
would be added to the O(2) perturbative equation of φ (i.e. Eq. (4.11)). Therefore, the value of ψ(2)
will not vanish in this case, thus changing the gauge conditions (4.14). So, quite contrary to our original
action (3.1), the additional non-minimally coupling term Tααβ ∂
βφmight make the PPN parameters differ
from the case of GR. We leave this issue to the future works.
One might note that the action (3.1) considered in this work could be further generalized to
S =
1
2κ2
∫
dx4e
[
ξ(φ)T − ω(φ)
φ
(∂φ)2 − 2κ2V (φ)
]
+ Sm [e
µ
a , χm] . (5.4)
However, it is an illusion. Introducing a new scalar φˆ = ξ(φ), Eq. (5.4) can be recast as
Sˆ =
1
2κ2
∫
dx4e
[
φˆ T − ωˆ(φˆ)
φˆ
(∂φˆ)2 − 2κ2Vˆ (φˆ)
]
+ Sm [e
µ
a , χm] , (5.5)
which reduces to the action (3.1) actually. So, the conclusions do not change for the action (5.4). This
indicates that the action (3.1) considered in this work is general enough.
Although the theories we studied here have the same PPN parameters as GR, it differs from GR in
several aspects. Firstly, the deviation from GR might show up in the higher order perturbation, e.g. in
the post-post-Newtonian limit [101]. Secondly, we should consider the preferred tetrad frame effect (we
thank the referee for pointing out this issue). Unfortunately, there are no PPN parameters to characterize
this effect. So, we get the same PPN parameters as GR. The standard post-Newtonian formalism might
be generalized to incorporate this effect. And it is beyond the scope of the present work.
Finally, from the viewpoint of symmetry, black holes have similar environments like the Solar System.
So, we might speculate that our theories will have the same solutions as GR when applying to black
holes. Thus, it would be interesting to study the black hole solutions in the future works.
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Appendix A: Perturbations for the torsion tensor and the super-potential tensor
We present here the detailed calculations of the perturbations for the torsion tensor T λµν and the super-
potential tensor Sρµν which are constructed from the vierbein e
µ
a and dual vierbein e
a
µ to sufficient order.
Note that the ansatz (4.13) is equivalent to
B
(2)
ij = γAδij , B
(2)
00 = A. (A1)
After solving the (i, j) component of Eq. (3.4) to O(2), we have the PPN parameter γ(r) equal to 1 (nb.
Eq. (4.21)). So, when dealing with O(2) quantities, we explicitly show the parameter γ in the expansion,
and simplify O(3) and O(4) quantities by setting γ = 1.
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We firstly expand the vierbein fields around the flat background as
e µa = δ
µ
a + C
µ
a = δ
µ
a + C
(2) µ
a + C
(3) µ
a + C
(4) µ
a +O(5), (A2)
where each term C
(n) µ
a is of order O(n). Noting that gµν(x) = ηabe µa (x)e νb (x) and using Eq. (2.1), we
can easily get C
(2) λ
a = − B(2) λa . We then expand the torsion tensor T λµν up to O(4),
T λµν = e
λ
a (∂νe
a
µ − ∂µeaν)
= (δ λa + C
λ
a )(∂νB
a
µ − ∂µBaν )
= ∂νB
λ
µ − ∂µBλν + C λa ∂νBaµ − C λa ∂µBaν
= ∂νB
λ
µ − ∂µBλν − B(2) λα∂ν B(2) αµ + B(2) λα∂µ B(2) αν .
(A3)
For convenience, we also present the definition of the super-potential tensor Sρµν here,
Sρµν =
1
4
(T ρµν − T ρµν + T ρνµ ) +
1
2
δρµT
σ
νσ −
1
2
δρνT
σ
µσ . (A4)
In addition, we use the anti-symmetric properties of the torsion tensor T λµν and the super-potential
tensor Sρµν to simplify our calculations. Since the space-space component of metric gij is expanded
around the usual Euclidean metric δij , we do not distinguish the upper indices and the lower indices of
the perturbation quantities up to appropriate order. Instead, we use the upper indices and the lower
indices interchangeably, e.g. B
(2) i
j = B
(2)
ij = B
(2) j
i = B
(2) ij , up to O(2).
1. Up to O(2)
The expansion of torsion tensor to O(2) can be read from Eq. (A3) as
T λµν = ∂ν B
(2) λ
µ − ∂µ B(2) λν . (A5)
Some of its components can be obtained directly,
T 0i0 = ∂0 B
(2) 0
i − ∂i B(2) 00 = ∂iA, (A6)
T k00 = ∂0 B
(2) k
0 − ∂0 B(2) k0 = 0, (A7)
T 0ij = ∂j B
(2) 0
i − ∂i B(2) 0j = 0, (A8)
T kji = ∂i B
(2) k
j − ∂j B(2) ki = δkj ∂i (γA)− δki ∂j (γA) , (A9)
T jij = ∂j B
(2) j
i − ∂i B(2) jj = −2∂i (γA) , (A10)
T i0j = ∂j B
(2) i
0 − ∂0 B(2) ij = 0. (A11)
And the expansion for some components of the super-potential tensor Sρµν is also obtained,
S0i0 =
1
4
(T 0i0 − T 0i0 + T 00i )−
1
2
T σiσ
=
1
4
(T 0i0 + T
i
00 + T
0
i0 )−
1
2
(T 0i0 + T
j
ij ) = −
1
2
T jij = ∂i (γA) ,
(A12)
Sjij =
1
4
(T jij − T jij + T jji ) +
1
2
δjiT
σ
jσ −
1
2
δjjT
σ
iσ =
1
4
(T jij − T ijj + T jij ) +
1
2
T σiσ −
3
2
T σiσ
=
1
2
T jij − (T 0i0 + T jij ) = −
1
2
T jij − T 0i0 = ∂i (γA)− ∂iA,
(A13)
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Si0j =
1
4
(T i0j − T i0j + T ij0 )−
1
2
δijT
σ
0σ =
1
4
(T i0j + T
0
ji + T
j
0i )−
1
2
δij(T
0
00 + T
k
0k ) = 0. (A14)
We also present the result of ∂µe up to O(2) here,
∂µe = ∂µ
√−g = ∂µ
(
1 +
1
2
h(2) νν
)
=
1
2
∂µ h
(2) ν
ν = ∂µ(3γA−A), (A15)
where we have used the fact that
h(2) νν = h
(2) 0
0 + h
(2) i
i = − h(2) 00 + h(2) ii = −2 B(2) 00 + 2 B(2) ii = −2A+ 6γA. (A16)
2. Up to O(3)
The expansion of torsion tensor to O(3) can be read from Eq. (A3) as
T λµν = ∂νB
λ
µ − ∂µBλν . (A17)
Some of its components read
T 0ij = ∂jB
0
i − ∂iB0j = ∂j B(3) 0i − ∂i B(3) 0j , (A18)
T ij0 = ∂0B
i
j − ∂jBi0 = ∂0 B(2) ij − ∂j B(3) i0 = δij∂0A− ∂j B(3) i0 , (A19)
T ii0 = 3∂0A− ∂i B(3) i0 =
3
2
∂0A. (A20)
When we derive above equations, the gauge conditions (4.14) have been used. Some components of the
super-potential read
S0ij =
1
4
(T 0ij − T 0ij + T 0ji ) =
1
4
(T 0ij + T
i
j0 − T ji0 ) =
1
2
(∂j B
(3) 0
i − ∂i B(3) 0j ), (A21)
Si0i =
1
4
(T i0i − T i0i + T ii0 )−
1
2
δiiT
σ
0σ
=
1
4
(T i0i + T
0
ii + T
i
0i )−
3
2
(T 000 + T
i
0i ) = T
i
i0 =
3
2
∂0A.
(A22)
3. Up to O(4)
The expansion of torsion tensor to O(4) can be read from Eq. (A3) as
T λµν = ∂νB
λ
µ − ∂µBλν − B(2) λα∂ν B(2) αµ + B(2) λα∂µ B(2) αν , (A23)
which can directly lead to
T 0i0 = ∂0B
0
i − ∂iB00 − B(2) 0α∂0 B(2) αi + B(2) 0α∂i B(2) α0
= ∂0 B
(3) 0
i − ∂iB00 + B(2) 00∂i B(2) 00 = ∂0 B(3) 0i − ∂iB00 +A∂iA,
(A24)
T jij = ∂jB
j
i − ∂iBjj − B(2) jα∂j B(2) αi + B(2) jα∂i B(2) αj
= ∂j B
(2) j
i − ∂i B(2) jj − B(2) jk∂j B(2) ki + B(2) jk∂i B(2) kj = −2∂iA+ 2A∂iA.
(A25)
The components of the super-potential for our interest are also given,
S0i0 =
1
4
(T 0i0 − T 0i0 + T 00i )−
1
2
T σiσ
=
1
4
(T 0i0 + T
0
i0 )−
1
2
(T 0i0 + T
j
ij ) = −
1
2
T jij = ∂iA−A∂iA,
(A26)
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Siji =
1
4
(T iji − T iji + T iij ) +
1
2
δijT
σ
iσ −
1
2
δiiT
σ
jσ =
1
4
(T iji + T
i
ji ) +
1
2
T σjσ −
3
2
T σjσ
=
1
2
T iji − (T 0j0 + T iji ) = −
1
2
T iji − T 0j0 = −∂0 B(3) 0j + ∂jB00 − 2A∂jA+ ∂jA.
(A27)
Finally, we expand the torsion scalar T up to O(4) as
T = SρµνT
µν
ρ = S
ρ
µ0T
µ0
ρ + S
ρ
µiT
µi
ρ = S
ρ
00T
00
ρ + S
ρ
i0T
i0
ρ + S
ρ
0iT
0i
ρ + S
ρ
jiT
ji
ρ
= S0i0T
i0
0 + S
j
i0T
i0
j + S
0
0iT
0i
0 + S
j
0iT
0i
j + S
0
jiT
ji
0 + S
k
jiT
ji
k
= S0i0T
0
i0 + S
0
0iT
0
0i + S
k
jiT
k
ji = 2S
0
i0T
0
i0 + S
k
ji(δ
k
j ∂iA− δki ∂jA)
= 2S0i0T
0
i0 = 2∂iA∂
iA.
(A28)
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